Abstract. In this article, we consider the Diophantine equation σ2(n)−n 2 = An+B with A = P 2 ± 2. For some B, we show that except for finitely many computable solutions in the range n ≤ (|A| + |B|) 3 , all the solutions are expressible in terms of Lucas sequences. Meanwhile, we obtain some results relating to other linear recurrent sequences.
Introduction
It is well-known that a perfect number is a positive integer which equals to the sum of its proper divisors, namely, a positive integer n is a perfect number if and only if
The definition of perfect number is ancient, perhaps occurring in about 300 BC. Since then, many problems relating to perfect numbers have been studied by a number of great mathematicians including Fermat, Mersenne and Euler. And the Euclid-Euler theorem sates that every even perfect number can be represented by the form 2 p−1 M p where M p is Mersenne prime.
Let σ k (n) = d|n d k . Then a perfect number n satisfies σ 1 (n) = 2n. In 2013, the second author raised the equation σ 2 (n) − n 2 = 3n. It is proved in [2] that all the solutions are n = F 2k−1 F 2k+1 where both F 2k−1 and F 2k+1 are both Fibonacci primes. Later, Cai et al. [3] studied a more generalized Diophantine equation σ 2 (n)−n 2 = An+B where A and B are given integers and showed that if (A, B) = (0, 1) or (1, 1) , then except for finitely many computable solutions in the range n ≤ (|A| + |B|) 3 , all the solutions are n = pq with p, q distinct primes.
In this paper, we continue to study σ 2 (n) − n 2 for many other cases of A and B. Given two integers P and Q, the Lucas sequences of the first kind U n (P, Q) and of the second kind V n (P, Q) are defined by U 0 (P, Q) = 0, U 1 (P, Q) = 1, U n (P, Q) = P · U n−1 (P, Q) − Q · U n−2 (P, Q) for n > 1. and V 0 (P, Q) = 2, V 1 (P, Q) = P, V n (P, Q) = P · V n−1 (P, Q) − Q · V n−2 (P, Q) for n > 1. Then, we obtain some interesting results. Theorem 1.1. Let P be an integer. Then except for finitely many computable solutions in range n ≤ (|A| + |B|) 3 , all the solutions of σ 2 (n) − n 2 = An + B are (1) n = U 2k−1 (P, −1)U 2k+1 (P, −1) with U 2k−1 (P, −1) and U 2k+1 (P, −1) primes if A = P 2 + 2 and B = −P 2 + 1; (2) n = U 2k (P, −1)U 2k+2 (P, −1) with U 2k (P, −1) and U 2k+2 (P, −1) primes if A = P 2 +2 and B = P 2 + 1; (3) n = U k−1 (P, 1)U k+1 (P, 1) with U k−1 (P, 1) and U k+1 (P, 1) primes if A = P 2 − 2 and B = P 2 + 1.
Taking P = 1 in (2), we can immediately obtain Theorem 2 in [2] . Corollary 1.1 (Theorem 2, [2] ). All the solutions of σ 2 (n) − n 2 = 3n are n = F 2k−1 F 2k+1 , where both F 2k−1 and F 2k+1 are Fibonacci primes.
And taking P = 2 in (3), we can obtain the main result of [3] . Corollary 1.2 (Theorem 5, [3] ). Twin primes conjecture holds if and only if the equation σ 2 (n) − n 2 = 2n + 5 has infinitely many solutions.
As for the second kind of Lucas sequences, we also have some results. Theorem 1.2. Let P be an integer. Then except for finitely many computable solutions in range n ≤ (|A| + |B|) 3 , all the solutions of σ 2 (n) − n 2 = An + B are (1) n = V 2k (P, −1)V 2k+2 (P, −1) with V 2k (P, −1) and V 2k+2 (P, −1) primes if P 2 + 4 is square-free, A = P 2 + 2 and B = −P 4 − 4P 2 + 1; (2) n = V 2k−1 (P, −1)V 2k+1 (P, −1) with V 2k−1 (P, −1) and V 2k+1 (P, −1) primes if P 2 + 4 is square-free, A = P 2 + 2 and B = P 4 + 4P 2 + 1; (3) n = V k−1 (P, 1)V k+1 (P, 1) with V k−1 (P, 1) and V k+1 (P, 1) primes if P 2 − 4 is squarefree, A = P 2 − 2 and B = −P 4 + 4P 2 + 1.
Let m be any integer. For some other special pairs (A, B) relating to Lucas sequences, we have Theorem 1.3. Let P be an integer. Then except for finitely many computable solutions in range n ≤ (|V 2m (P, −1)| + U 2 2m (P, −1) − 1) 3 , all the solutions of
) with U 2k (P, −1) and U 2m−2k−1 (P, −1) primes.
Theorem 1.4. Let P be an integer. Then except for finitely many computable solutions in range n ≤ (|V 2m (P, −1)| + U 2 2m (P, −1) + 1) 3 , all the solutions of
are (1) n = U 2k (P, −1)U 2k+2m (P, −1) with U 2k (P, −1) and U 2k+2m (P, −1) primes; (2) n = U 2k (P, −1)U 2m−2k (P, −1)(m = 2k) with U 2k (P, −1) and U 2m−2k (P, −1) primes. 
with V 2k+1 (P, −1) and V 2k+2m+1 (P, −1) primes; (2) n = V 2k+1 (P, −1)V 2m−2k−1 (P, −1)(m = 2k+1) with V 2k+1 (P, −1) and V 2m−2k−1 (P, −1) primes. Theorem 1.6. Let P be an integer and P 2 + 4 is square-free. Then except for finitely many computable solutions in range n ≤ (|V 2m (P,
) with V 2k (P, −1) and V 2m−2k (P, −1) primes.
Taking P = 1 in these four theorems, one can obtain the results in [3] . 
Corollary 1.3 ([3, Theorem 3]). Except for finitely many computable solutions in the range
with F 2k and F 2m−2k Fibonacci primes.
Corollary 1.5 ([3, Theorem 4]). Except for finitely many computable solutions in the range
n ≤ (L 2m + L 2 2m − 3) 3 , all the solutions of σ 2 (n) − n 2 = L 2m n + L 2 2m − 3 are n = L 2k−1 L 2k+2m−1 with F 2k−1 and F 2k+2m−1 Lucas primes.
Corollary 1.6 ([3, Theorem 5]). Except for finitely many computable solutions in the range
Finally, we consider a conjecture that mentioned in [2] , also seen in [1] , that is, Conjecture 1. ω(n)=2 and n | σ 3 (n) iff n is an even perfect number except for 28. where ω(n) denotes the number of distinct prime factors of n.
In [2] , Cai et al. prove that it is true for n = pq and 2 α p. In this article, we obtain a result closer to the statement of this conjecture, namely, Theorem 1.7. Let n = pq α (α ≥ 1) with p, q distinct primes and q ≡ 1 (mod 3). If n | σ 3 (n), then n is an even perfect number except for 28.
Preliminaries
In order to prove the theorems, we need some lemmas. 
where A 0 , A 1 , u and v are given integers. Then
where
Taking r = 1 in Lemma 2.1, we can obtain the following equations.
These equations can readily prove that all the n = pq in Theorem 1.1 and 1.2 are solutions to σ 2 (n) − n 2 = An + B.
Lemma 2.2 ([3, Theorem 2])
. If (A, B) = (0, 1) or (1, 1), then except for finitely many computable solutions in the range n ≤ (|A| + |B|) 3 , all the solutions of σ 2 (n) − n 2 = An + B are n = pq, where p < q are primes which satisfy the following equation
Lemma 2.3 (Matiyasevich equation [5] ). All the solutions of x 2 − (P 2 + 4)y 2 = 4 are given by x = V 2k (P, −1) and y = U 2k (P, −1).
Remark 2.1. The original version of Matiyasevich equation requires P to be a positive integer. Nevertheless, it is easy to check that Lemma 2.3 also holds for P ≤ 0.
Lemma 2.4 ([4, Corollary 2.8])
. All the solutions of x 2 − (P 2 + 4)y 2 = −4 are given by x = V 2k+1 (P, −1) and y = U 2k+1 (P, −1).
Lemma 2.5 ([4, Corollary 2.7])
. All the solutions of x 2 − (P 2 − 4)y 2 = 4 are given by x = V k (P, 1) and y = U k (P, 1).
Remark 2.2. If P = 3, then this lemma can be proved by applying Lemma 2.4 since P 2 − 4 = 5 = 1 2 + 4. And for P ≤ 2, it is easy to check. Hence the condition P ≥ 4 in [4] can be removed.
The following lemma is easy to check.
Lemma 2.6. Let k and l be any integer. The terms of Lucas sequences satisfy the following relations.
At last, to prove Theorem 1.7, we need the following lemma.
Lemma 2.7 ([2, Theorem 4]).
If n = pq, where p < q are primes and n | σ 3 (n), then n = 6; if n = 2 α p (α ≥ 1), p is an odd prime and n | σ 3 (n), then n is an even perfect number. The converse is also true except for 28.
3. Proofs of the Theorem 1.1 -1.6
From Lemma 2.2, we know that except for finitely many computable solutions in the range n ≤ (|A| + |B|) 3 , all the solutions of σ 2 (n) − n 2 = An + B are n = pq, where p < q are primes which satisfy the equation (2.6). Hence, to prove Theorem 1.1 to 1.6, we only need to consider the case that n is a product of two different primes p and q.
Proof of Theorem 1.1. (1) Taking (A, B) = (P 2 + 2, −P 2 + 1) in (2.6), then
Let r := 2p−(P 2 +2)q P . Then r is an integer satisfying that r 2 − (P 2 + 4)q 2 = −4. By Lemma 2.4, we have (r, q) = (±V 2k+1 (P, −1), U 2k+1 (P, −1)) for some integer k. By (1) of Lemma 2.6, similarly, we have p = U 2k−1 (P, −1) or U 2k+3 (P, −1). Hence n = U 2k−1 (P, −1)U 2k+1 (P, −1) with U 2k−1 (P, −1) and U 2k+1 (P, −1) primes.
(2) Taking (A, B) = (P 2 + 2, P 2 + 1) in (2.6), then
Let r := 2p−(P 2 +2)q P . Then r is an integer satisfying that r 2 − (P 2 + 4)q 2 = 4. By Lemma 2.3, we have (r, q) = (±V 2k (P, −1), U 2k (P, −1)) for some integer k. By (1) of Lemma 2.6, Case 1. (r, q) = (V 2k (P, −1), U 2k (P, −1)), then
Case 2. (r, q) = (−V 2k (P, −1), U 2k (P, −1)), then
Hence n = U 2k (P, −1)U 2k+2 (P, −1) with U 2k (P, −1) and U 2k+2 (P, −1) primes. (3) Taking (A, B) = (P 2 − 2, P 2 + 1) in (2.6), then
Let r := 2p−(P 2 −2)q P . Then r is an integer satisfying that r 2 − (P 2 − 4)q 2 = 4. By Lemma 2.5, we have (r, q) = (±V k (P, 1), U k (P, 1)) for some integer k. By (1) of Lemma 2.6, similarly, we have p = U k−2 (P, 1) or U k+2 (P, 1). Hence n = U k−1 (P, 1)U k+1 (P, 1) with U k−1 (P, 1) and U k+1 (P, 1) primes.
Proof of Theorem 1.2. (1) Taking (A, B) = (P
. Then r is an integer satisfying that q 2 − (P 2 + 4)r 2 = 4 since P 2 + 4 is square-free. By Lemma 2.3, we have (r, q) = (±U 2k (P, −1), V 2k (P, −1)) for some integer k. By (2) of Lemma 2.6, Case 1. (r, q) = (U 2k (P, −1), V 2k (P, −1)), then
Hence n = V 2k (P, −1)V 2k+2 (P, −1) with V 2k (P, −1) and V 2k+2 (P, −1) primes.
(2) Taking (A, B) = (P 2 + 2, P 4 + 4P 2 + 1) in (2.6), then
Let r := 2p−(P 2 +2)q P (P 2 +4) . Then r is an integer satisfying that q 2 −(P 2 +4)r 2 = −4 since P 2 +4 is square-free. By Lemma 2.4, we have (r, q) = (±U 2k+1 (P, −1), V 2k+1 (P, −1)) for some integer k. By (2) of Lemma 2.6, similarly, we have p = V 2k−1 (P, −1) or V 2k+3 (P, −1). Hence n = V 2k−1 (P, −1)V 2k+1 (P, −1) with V 2k−1 (P, −1) and V 2k+1 (P, −1) primes.
(3) Taking (A, B) = (P 2 − 2, −P 4 + 4P 2 + 1) in (2.6), then
. Then r is an integer satisfying that q 2 − (P 2 − 4)r 2 = 4 since P 2 − 4 is square-free. By Lemma 2.5, we have (r, q) = (±U k (P, 1), V k (P, 1)) for some integer k. By (2) of Lemma 2.6, similarly, we have p = V k−2 (P, 1) or V k+2 (P, 1). Hence n = V k−1 (P, 1)V k+1 (P, 1) with V k−1 (P, 1) and V k+1 (P, 1) primes.
Proof of Theorem 1.3. Taking (
2m (P, −1). And by Lemma 2.3, we have
. Then r is an integer satisfying that r 2 − (P 2 + 4)q 2 = −4. By Lemma 2.4, we have (r, q) = (±V 2k+1 (P, −1), U 2k+1 (P, −1)) for some integer k. By (3) and (4) of Lemma 2.6,
If 2m ≥ 2k + 1, then p = U 2m−2k−1 (P, −1). Otherwise, p = U 2k+1−2m (P, −1). Hence, n = U 2k+1 (P, −1)U 2k+2m+1 (P, −1) with U 2k+1 (P, −1) and U 2k+2m+1 (P, −1) primes; or U 2k+1 (P, −1)U 2m−2k−1 (P, −1)(m = 2k + 1) with U 2k+1 (P, −1) and U 2m−2k−1 (P, −1) primes.
Proof of Theorem 1.4. Taking (
. Then r is an integer satisfying r 2 −(P 2 +4)q 2 = 4. From Lemma 2.3, we have (r, q) = (±V 2k (P, −1), U 2k (P, −1)) for some integer k. By (3) and (4) of Lemma 2.6, similarly, we can obtain n = U 2k (P, −1)U 2k+2m (P, −1) with U 2k (P, −1) and U 2k+2m (P, −1) primes; or U 2k (P, −1)U 2m−2k (P, −1)(m = 2k) with U 2k (P, −1) and U 2m−2k (P, −1) primes.
Proof of Theorem 1.5. Taking (A, B) = (V 2m (P, −1), V 2 2m (P, −1) − 3) in (2.6), then
And by Lemma 2.3, we have
. Then r is an integer satisfying that q 2 − (P 2 + 4)r 2 = −4 since P 2 + 4 is square-free. From Lemma 2.4, we have (r, q) = (±U 2k+1 (P, −1), V 2k+1 (P, −1)) for some integer k. By (5) and (6) of Lemma 2.6, we take it into two cases.
If 2m ≥ 2k + 1, then p = V 2m−2k−1 (P, −1). Otherwise, p = V 2k+1−2m (P, −1). Hence, n = V 2k+1 (P, −1)V 2k+2m+1 (P, −1) with V 2k+1 (P, −1) and V 2k+2m+1 (P, −1) primes; or V 2k+1 (P, −1)V 2m−2k−1 (P, −1)(m = 2k + 1) with V 2k+1 (P, −1) and V 2m−2k−1 (P, −1) primes.
Proof of Theorem 1.6. Taking (A, B) = (V 2m (P, −1), −V 2 2m (P, −1) + 5) in (2.6), then
Let r := 2p−V 2m (P,−1)q (P 2 +4)U 2m (P,−1) . Then r is an integer satisfying r 2 − (P 2 + 4)q 2 = 4 since P 2 + 4 is square-free. From Lemma 2.3, we have (r, q) = (±U 2k (P, −1), V 2k (P, −1)) for some integer k. By (5) and (6) of Lemma 2.6, with the process similar to the previous proof, we show that n = V 2k (P, −1)V 2k+2m (P, −1) with V 2k (P, −1) and V 2k+2m (P, −1) primes; or V 2k (P, −1)V 2m−2k (P, −1)(m = 2k) with V 2k (P, −1) and V 2m−2k (P, −1) primes.
Proof of Theorem 1.7
Proof of Theorem 1.7. For the case α = 1 or the case q = 2, the theorem is proved in Lemma 2.7.
If n | σ 3 (n), then
If q divides 1+p and 1−p+p 2 simultaneously, then q is a factor of (p+1) 2 −(1−p+p 2 ) = 3p. Thus q = 3.
First of all, we prove Theorem 1.7 for q = 3 and α ≥ 2. When α = 2, p | 1 + 3 3 + 9 3 = 757. Hence, p = 757. But 1 + 757 3 can not be divided by 9. Therefore α ≥ 3. p ≡ 2 (mod 3) since 3 α divides 1 + p 3 . Moreover, in this case, q divides 1 + p and 1 − p + p 2 simultaneously. However, 1 − p + p 2 can never be the multiple of 9. Thus, 3 α−1 | (1 + p), and there exists some integer k 1 such that p = 3 α−1 k 1 − 1. Meanwhile, p divides 1 + 3 3 + · · · + 3 3α = (27 α+1 − 1)/(3 3 − 1). Hence, p divides 3 α+1 − 1 or 3 2α+2 + 3 α+1 + 1 since 27 α+1 − 1 = (3 α+1 − 1)(3 2α+2 + 3 α+1 + 1).
If 3 α+1 − 1 is a multiple of p, then so is 3 α+1 − 1 − p = 3 α−1 (9 − k 1 ). Therefore p is a prime number not greater than 9. However this is impossible because p = 3 α−1 k 1 −1 ≥ 8. Hence p divides 3 2α+2 + 3 α+1 + 1, namely, there exists some integer k 2 such that
Taking it into (4.2), we have
Therefore, k 1 ≤ 92. And because p divides 3 2α+2 + 3 α+1 + 1, p also divides 3 2α+2 + 3 α+1 + 1 + p(1 + 3 α−1 (9 + k)) = 3 2α−2 (k 2 1 + 9k 1 + 81). Combining this with k 1 ≤ 92, we can find no prime p happens to equal 3 α−1 k 1 − 1. Thus, no n = 3 α p (α > 1) divides σ 3 (n).
Secondly, by contraction, we prove that for q ≡ 2 (mod 3) (q > 2) and α > 1, n ∤ σ 3 (n). By (4.1), q α divides 1 + p or 1 − p + p 2 . If 1 − p + p 2 ≡ 0 (mod q), then (2p − 1) 2 ≡ −3 (mod q). Thus −3 is a quadratic residue modulo q, which is impossible for q ≡ 2 (mod 3) (q > 2). Otherwise, qα divides 1 + p, i.e., there exists some integer k 4 such that p = k 4 q α − 1.
Moreover, p divides q α+1 − 1 or q 2α+2 + q α+1 + 1 since p | (1 + q 3 + · · · + q 3α ). If q α+1 − 1 is a multiple of p, then so is q α+1 − 1 − p = q α (q − k 4 ). So p < q, which is impossible since p = k 4 q α − 1 > q (q > 2, α > 1). Therefore, p divides q 2α+2 + q α+1 + 1, which means, q 2α+2 + q α+1 + 1 = pk 5 , (4.3) for some integer k 5 . By this, we have k 5 ≡ −1 (mod q α ), namely, k 5 = k 6 q α − 1 for some integer k 6 . Taking it back to (4.3), we obtain that q 2α+2 + q α+1 + 1 = (k 4 q α − 1)(k 6 q α − 1). q + q 4 = q 2 k 4 k 6 − (k 4 + k 6 ).
Thus, k 4 + k 6 = tq for some integer t and t ≤ 2q since k 4 , k 6 ≤ q 2 . Replacing k 4 + k 6 by tq, we have t ≡ −1 (mod q). Hence, t = q − 1 or 2q − 1. If t = q − 1, then 1 + q 3 = qk 4 (q 2 − q − k 4 ) − q + 1,
Thus if q ≡ 1 (mod 4), then k 2 4 + 2 ≡ 0 (mod 4). And if q ≡ −1 (mod 4), then (k 4 − 1) 2 + 1 ≡ 0 (mod 4). Both cases are impossible.
If t = 2q − 1, then 1 + q 3 = qk 4 (2q 2 − q − k 4 ) − 2q + 1,
Thus if q ≡ ±1 (mod 4), then k 4 (±1 − k 4 ) ≡ 3 (mod 4), which is impossible. Let α ≥ 3. Then 1 + q α+1 + q 2α+2 = (q α k 4 − 1)(q α k 6 − 1)
q + q α+2 = q α k 4 k 6 − (k 4 + k 6 ).
Thus, k 4 + k 6 = tq for some integer t and t ≤ 2q since k 4 , k 6 ≤ q 2 . Replacing k 4 + k 6 by tq, we have t ≡ −1 (mod q). Hence, t = q − 1 or 2q − 1. If t = q − 1, then
Thus −1 ≡ 0 (mod q). It is impossible. If t = 2q − 1, then 1 + q α+1 = q α−1 k 4 (2q 2 − q − k 4 ) − 2q + 1,
Thus −2 ≡ 0 (mod q) and q = 2. A contradiction. All above prove that if n | σ 3 (n) with n = pq α and q ≡ 1 (mod 3), then n is an even perfect number except for 28.
